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Abstract
It has been claimed that the cosmological constant in AdS black holes such as the BTZ black
hole plays the role of the thermodynamic variable of a pressure in the thermodynamic first law
and the Smarr relation from the scaling law of the Christodoulou-Ruffini formula. However, the
dual solution of the BTZ black hole is the black string which is asymptotically flat despite the
presence of the cosmological constant, and so the explicit form of the pressure with the role of
the cosmological constant is unclear in the black string since the pressure is subject to the choice
of the energy-momentum tensor. Thus, we show that if the pressure of the black string is still
assumed to be proportional to the cosmological constant similar to the case of the BTZ black hole,
then the thermodynamic first law is consistent with the Smarr relation from the Christodoulou-
Ruffini formula, and the thermodynamic quantities for the pressure are well-behaved under the
dual transformation.
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I. INTRODUCTION
It has been claimed that the cosmological constant in anti-de Sitter (AdS) black holes
plays a role of a thermodynamic variable [1, 2], which is consequently interpreted as a bulk
pressure [3–6] and its conjugate variable is also identified with the thermodynamic volume
[7, 8]. If the cosmological constant were not regarded as the pressure in the framework of the
scaling law from the Christodoulou-Ruffini formula, then the Smarr relation [9] could not be
defined in the asymptotically AdS black holes although the thermodynamic first law could be
well-defined without the pressure [10]. In this respect, it appears to be plausible to regard the
cosmological constant as a thermodynamic variable of the pressure in order for the uniform
and consistent formulation of the Smarr relation along with the thermodynamic first law [11].
Expectedly, the cosmological constant in the Ban˜ados-Teitelboim-Zanelli (BTZ) black hole
[12] plays a definite role of the pressure in the Smarr relation and the thermodynamic first
law [6]. On the other hand, the dual description of the BTZ black hole in the framework of
the low energy string theory [13, 14] provides the three-dimensional black string; however, it
is asymptotically flat in spite of the presence of the cosmological constant in contrast to the
BTZ black hole. Thus, one might wonder what the thermodynamic role of the cosmological
constant in the black string is.
In this work, we find the pressure of the black string from the same energy-momentum
tensor as that of the BTZ black hole; however, the conjugate variables to the mass, the
charge, and the pressure take non-standard forms. Instead, assuming that the energy-
momentum tensor of the black string comes from only the term of the cosmological constant,
we can identify the suitable form of the pressure compatible with the standard definitions
of the Hawking temperature, the potential, and the volume. Eventually, the pressure of
the black string becomes to be proportional to that of the BTZ black hole. Employing this
pressure, we derive the thermodynamic first law in the Padmanabhan’s formalism [15, 16]
and the Smarr relation from the Christodoulou-Ruffini formula [17]. We also show that
the advantage of the latter choice for the pressure is that thermodynamic quantities are
well-behaved under the dual transformation.
In Sec. II, we recapitulate the duality in the three-dimensional low energy string theory
presented in Refs. [13, 14]. In Sec. III, we revisit the thermodynamics for the BTZ black
hole at the inner and outer horizons in order to identify the corresponding pressures by
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using the Padmanabhan’s method. In Sec. IV, we choose the suitable form of the pressure
of the black string by means of the Padmanabhan’s method, and derive the thermodynamic
first law from the equations of motion. Next, the Smarr relation is obtained from the scale
invariance of the Christodoulou-Ruffini formula by employing the pressure. In Sec. V, we
study the dual relation of the thermodynamic quantities between the BTZ black hole and
the black string. Finally, conclusion and discussion will be given in Sec. VI.
II. DUAL SOLUTIONS
Let us start with the action given as [13, 14],
I = 1
2π
∫
d3x
√−ge−2φ
[
4
ℓ2
+R + 4(∇φ)2 − 1
12
HµνρH
µνρ
]
, (1)
where φ is the dilaton field, Hµνρ is the three-form field strength of Hµνρ = ∂µBνρ+∂νBρµ+
∂ρBµν , and the cosmological constant is Λ = −ℓ−2. The equations of motion for the action
(1) are given by
Gµν = Rµν − 1
2
gµνR = 8πGTµν , (2)
∇µ(e−2φHµλρ) = 0, R− 1
12
H2 + 4∇2φ− 4(∇φ)2 + 4
ℓ2
= 0, (3)
Tµν =
1
8πG
[
−2∇µ∇νφ+ 1
4
HµλρH
λρ
ν + gµν
(
2
ℓ2
+ 2∇2φ− 2(∇φ)2 − 1
24
H2
)]
(4)
with respect to each fields, and 8G = 1 for convenience. One of the solutions to Eqs. (2)
and (3) is the BTZ black hole described by
ds2 = −
(
r2
ℓ2
−M
)
dt2 − Jdtdϕ+ 1
r2
ℓ2
−M + J2
4r2
dr2 + r2dϕ2, (5)
Bϕt = r
2/ℓ2, φ = 0, (6)
where the inner and outer horizons are r2± = (ℓ/2)
(
Mℓ±√M2ℓ2 − J2). If we consider
B = 0 as well as φ = 0, the Lagrangian (1) becomes L = R + 4Λ which is different from
the conventional Lagrangian with the cosmological constant of L = R + 2Λ. The mass and
the angular momentum for the BTZ black hole are expressed as M = (r2+ + r
2
−)/ℓ
2 and
J = 2r+r−/ℓ. The angular velocity Ω+, the Hawking temperature T+, and the entropy S+
on the outer horizon are also given as
Ω+ =
J
2r2+
, T+ =
r2+ − r2−
2πℓ2r+
, S+ = 4πr+. (7)
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Next, performing the dual transformation of Eqs. (5) and (6) [18, 19] as
g˜ϕϕ =
1
gϕϕ
, g˜ϕµ =
Bϕµ
gϕϕ
, g˜µν = gµν − (gϕµgϕν −BϕµBϕν)/gϕϕ, (8)
B˜ϕµ =
gϕµ
gϕϕ
, B˜µν = Bµν − 2
gϕϕ
gϕ[µgν]ϕ, φ˜ = φ− 1
2
ln gϕϕ, (9)
where µ, ν run over all coordinates except ϕ, one can obtain the charged black string solution
after some diagonalization,
ds˜2 = −
(
1− M
rˆ
)
dtˆ2 +
ℓ2
4rˆ2
1(
1− M
rˆ
) (
1− Q2
Mrˆ
)drˆ2 +
(
1− Q
2
Mrˆ
)
dxˆ2, (10)
B˜xˆtˆ =
Q
rˆ
, φ˜ = −1
2
ln(rˆℓ),
where the outer horizon is rˆ+ =M and the inner horizon is rˆ− = Q2/M. The geometry (10)
is asymptotically flat since the square of the Riemann curvature vanishes at the asymptotic
infinity. The mass M and the charge Q per unit length of the black string are related to
the outer horizon and the angular momentum of the BTZ black hole as M = r2+/ℓ and
Q = J/2. The potential Φ of the charge of the black string can be read off from the field
B˜xˆtˆ at the outer horizon as
Φ+ = B˜xˆtˆ|rˆ=rˆ+ =
Q
rˆ+
. (11)
The Hawking temperature and entropy are given as [14]
T+ =
√M2 −Q2
2πℓM , S
+
bs = 2ℓ
√
M2 −Q2Xˆ, (12)
where Xˆ =
∫
dxˆ is the comoving length of the black string [20]. Here, the entropy per unit
length is simply written as s+ = S+bs/Xˆ = 2ℓ
√M2 −Q2.
III. THERMODYNAMIC FIRST LAW AND SMARR RELATION IN THE BTZ
BLACK HOLE
The cosmological constant Λ is identified with the bulk pressure and its conjugate variable
can be treated as the thermodynamic volume [3–8, 21–24]. Then, the cosmological constant
gives rise to the pressure term of V dP in the thermodynamic first law at the outer horizon in
the BTZ black hole [5, 6]. In order to identify the pressure at the outer and inner horizons,
we consider the Padmanabhan’s method to get the thermodynamic first laws [15, 16], and
obtain the consistent Smarr relations with the thermodynamic first laws.
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We rewrite the Hawking temperature of the BTZ black hole in Eqs. (7) as
T+ =
h′(r+)
4π
− r
2
−
2πℓ2r+
, (13)
where h(r) = −gtt = ℓ−2(r2 − r2+ − r2−). From the field equation of Grr = πT rr in Eq. (2),
one can obtain
− 2r
2
−
ℓ2r+
dr+ =
(
h′(r+)
4π
− r
2
−
2πℓ2r+
)
d(4πr+)− T rr d(πr2+) (14)
at the outer horizon after multiplying dr+ by using the Padmanabhan’s method [15, 16].
Then, the standard first law is expressed as
dE+ = T+dS+ + Ω+dJ − PdV+, (15)
where the energy E+ is defined as E+ = r
2
−/ℓ
2. Here, the pressure of the BTZ black hole is
naturally derived from the energy momentum tensor as [3–5]
T rr = P =
1
πℓ2
, (16)
and its conjugate variable of V+ = πr
2
+ is the thermodynamic volume [7, 8].
Now, separating the left hand side of Eq. (14) into the mass part and the angular part,
one can obtain
d
(
r2+ + r
2
−
ℓ2
)
=
(
h′(r+)
4π
− r
2
−
2πℓ2r+
)
d(4πr+) +
r−
ℓr+
d
(
2r−r+
ℓ
)
+ πr2+dP, (17)
and consequently it becomes
dM = T+dS+ + Ω+dJ + V+dP. (18)
Note that the Padmanbhan’s approach and the extended phase space approach are quite
different in interpretations as shown in Refs. [11, 25]. In the former case, the energy is the
internal energy of the thermal system and the pressure is just an intensive thermodynamic
quantity, while in the latter case the energy is the enthalpy of the thermal system and the
pressure is treated as a thermodynamic variable; it turns out that the enthalpy is nothing
but the ADM mass. As a matter of fact, Eq. (15) and Eq. (18) are related to each other
through the transformation ofM = E++PV+, which corresponds to the Legendre projection
in Refs. [26, 27].
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On the other hand, black holes may have an inner horizon as well as the outer horizon. In
fact, the quantized charges of various black holes are related to the product of the entropies
of the inner and outer horizons [21, 24, 28, 29], which gives a looking glass for probing the
microscopic properties of black holes [29]. For the inner mechanics of the BTZ black hole, it
was shown that the thermodynamic first law is satisfied without the pressure term [21] and
the negative temperatures also arise inevitably on inner horizons [24]. Now, let us derive
the thermodynamic first law on the inner horizon by taking into account the pressure term.
The temperature and the entropy on the inner horizon of the BTZ black hole are given
as
T− =
h′(r−)
4π
− r
2
+
2πℓ2r−
=
r2− − r2+
2πℓ2r−
, S− = 4πr−, (19)
where the entropy was obtained by the area law. In the Padmanabhan’s method [15, 16],
the equation of motion of Grr = πT
r
r at the inner horizon is written as
− 2r
2
+
ℓ2r−
dr− =
(
h′(r−)
4π
− r
2
+
2πℓ2r−
)
d(4πr−)− T rr d(πr2−), (20)
Then, the standard first law is expressed as
dE− = T−dS− + Ω−dJ − PdV−, (21)
where the energy E− is defined as E− = r
2
+/ℓ
2.
Next, by considering the pressure as a thermodynamic variable, we can rewrite Eq. (20)
as
d
(
r2+ + r
2
−
ℓ2
)
=
(
h′(r−)
4π
− r
2
+
2πℓ2r−
)
d(4πr−) +
r+
ℓr−
d
(
2r+r−
ℓ
)
+ (πr2−)dT
r
r ,
and then one can obtain the thermodynamic first law at the inner horizon as
dM = T−dS− + Ω−dJ + V−dP, (22)
where the angular velocity Ω− and the conjugate variable V− to the pressure at the inner
horizon are defined as Ω− = r+/ℓr− and V− = πr
2
−. We regarded the cosmological constant
as the pressure, and admitted the negative temperature at the inner horizon. Note that Eq.
(22) reduces to dM = −TD− dS− + Ω−dJ in Ref. [21] if dP = 0 and T− = −TD− .
Now, let us study the Smarr relations of the BTZ black hole on the outer and inner
horizons compatible with the thermodynamic first laws (18) and (22)[5, 6, 11, 22]. From the
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Christodoulou-Ruffini formula for the BTZ black hole given as [6]
M =
S±
2P
16π
+
4π2J2
S±
2 , (23)
the conjugate variables of (T±,Ω, V±) to the thermodynamic quantities (S±, J, P ) are defined
by
T± =
∂M
∂S±
∣∣∣∣
J,P
=
PS±
8π
− 8π
2J2
S3±
,
Ω± =
∂M
∂J
∣∣∣∣
S±,P
=
8π2J
S2±
, (24)
V± =
∂M
∂P
∣∣∣∣
S±,J
=
S2±
16π
.
Note that T− in Eqs. (24) is the same as the temperature in Eqs. (19) and it is negative [24].
Taking the mass function (23) to be a homogeneous function of M = M(S±, J, P ) under the
scale transformation of (M,S±, J, P )→ (M,λS±, λJ, λ−2P ), we get the Smarr relation as
0 = T±S± + Ω±J − 2V±P, (25)
which is compatible with the thermodynamic first laws in the sense that the differentiation
of Eq. (25) with Eq. (23) gives Eqs. (18) and (22).
IV. THERMODYNAMIC FIRST LAW AND SMARR RELATION IN BLACK
STRING
The black string of being dual to the BTZ black hole also has the cosmological constant,
but it is asymptotically flat. Thus, one might wonder how the cosmological constant of the
black string plays the role of the pressure in the thermodynamic first law and the Smarr rela-
tion in the black string. Let us study the thermodynamic first law by using the Padmanab-
han’s method and the Smarr relation from the scaling property of the Christodoulou-Ruffini
formula.
A. Thermodynamic first law from Padmanabhan’s method
First of all, let us obtain the thermodynamic quantities of the black string by using the
dual transformation. The coordinate xˆ along the black string (10) should be periodic since
7
the angular coordinate ϕ of the BTZ black hole (5) is periodic. In this regard, the whole
string can be divided into an infinite array of the identical periodic string, the so-called
elementary black string, which is dual to the BTZ black hole [20]. Thus, the coordinate xˆ
should be compactified on a circle of circumference of Xˆ calculated as
Xˆ = 2π
√
M
ℓ(M2 −Q2) =
4πMtot
ℓ (M2tot −Q2tot)
, (26)
where the total mass and charge of the black string are defined by the mass M and the
axion charge Q per unit length asMtot = αMXˆ, Qtot = αQXˆ with a calibration factor of
α = 1/π. By plugging Eq. (26) into the entropy in Eq. (12), the total entropy of the black
string is obtained as
S+bs = 2πℓ
√
M2tot −Q2tot, (27)
which is the same as the entropy of the BTZ black hole in Eqs. (7) [14, 30]. Further, we can
also rewrite the temperature (12) as
T+ = rˆ+
√
M2tot −Q2totf ′(rˆ+)
2ℓXˆ
=
√
M2tot −Q2tot
2πℓMtot , (28)
where f(r) = 1−M/rˆ.
Now, let us consider the equation of motion (2) with the energy-momentum tensor (4).
The equation of motion Grˆrˆ = πT
rˆ
rˆ multiplied by drˆ+ gives
rˆ2+Q2totXˆ
πℓ2M3tot
f ′(rˆ+)drˆ+ = πT
rˆ
rˆ drˆ+ (29)
at the outer horizon, where the pressure of the black string is found as
T rˆrˆ = P =
Q2tot
πℓ2M2tot
. (30)
Note that the pressure (30) relies on the total mass and charge as well as the cosmological
constant. Using this pressure, we can express Eq. (29) in terms of the analogous form of the
thermodynamic first law as
dMtot = Mtot
√
M2tot −Q2tot
2πℓQ2tot
dS+bs +
Mtot(2Q2tot −M2tot)
Q3tot
dQtot + πℓ
2M3tot(M2tot −Q2tot)
2Q4tot
dP
= T˜+dS+bs + Φ˜+dQtot + V˜+dP, (31)
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where V˜+ is the conjugate variable to the pressure P. However, the potential Φ˜+ and the
temperature T˜+ in Eqs. (31) are different from the potential (11) of the axion charge defined
by the two-form field and the Hawking temperature (12) defined by the surface gravity.
Actually, there are no preferred forms of the pressure for the black string yet, unlike the
case of the BTZ black hole. On the other hand, using the Padmanabhan’s approach, we can
obtain the thermodynamic first law with the pressure (30) as dE˜+ = T˜+dS+bs+Φ˜+dQtot−PdV˜+
where E˜+ = 3Mtot/2 −M2tot/(2Q2tot). However, the energy E˜+ is not the ADM mass, and
the temperature T˜+ and the potential Φ˜+ are still different from the standard forms.
Now, we redefine the energy-momentum tensor depending only on the cosmological con-
stant by rearranging the equation of motion (2) and the energy-momentum tensor (4) as
Gµν = Rµν − 1
2
gµνR + 2∇µ∇νφ− 2gµν∇2φ+ 2gµν(∇φ)2 + 1
24
gµνH
2 − 1
4
HµλρH
λρ
ν (32)
= πTµν ,
Tµν = 2
πℓ2
gµν . (33)
From the energy-momentum tensor (33), we can simply read off the pressure as
T rˆrˆ = Pℓ =
2
πℓ2
. (34)
Note that it will give desirable standard conjugate quantities, for example, the ADM mass,
the Hawking temperature, and so on, which will be discussed in the next paragraph.
Using the equation of motion G rˆrˆ = πT rˆrˆ multiplied by drˆ+ in Eq. (32) at the outer horizon,
we can obtain
π2Q2tot + (2rˆ+ − rˆ−)rˆ2+Xˆ2f ′(rˆ+)
rˆ2+Xˆ
2ℓ2
drˆ+ = πT rˆrˆ drˆ+. (35)
Then, the thermodynamic first law is derived as
dMtot =
√
M2tot −Q2tot
2πℓMtot dS
+
bs +
Qtot
MtotdQtot +
πℓ2(M2tot −Q2tot)
4Mtot dPℓ
= T+dS+bs + Φ+dQtot + V+dPℓ, (36)
where the potential Φ+ and the temperature T+ in Eq. (36) are the same as the potential
(11) of the axion charge from the two-form field and the Hawking temperature (12) from
the surface gravity. The conjugate variable V+ to the pressure can also be expressed by the
comoving length of the black string as V+ = π2ℓXˆ−1. As a result, it turns out that the
pressure (34) is more plausible than the pressure (30) in formulating the thermodynamic
first law.
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B. Smarr relation from Christodoulou-Ruffini formula
For asymptotically AdS black holes, the cosmological constant is regarded as the bulk
pressure in the black hole thermodynamics in connection with the consistent formulation
of the Smarr relation in the framework of the scaling law from the Christodoulou-Ruffini
formula, while the thermodynamic first law is granted as universal [10]. In this regard, the
thermodynamic first law and the Smarr relation should be formulated uniformly and consis-
tently by treating the cosmological constant as a thermodynamic variable [6]. Intriguingly,
the pressure-volume term appears in spite of the asymptotic flatness in the black string as
seen from the thermodynamic first law (31). Thus, we will examine how the cosmological
constant in the black string also leads to the pressure-volume term in the Smarr relation.
The Christodoulou-Ruffini formula of the black string is obtained by inserting Eq. (34)
into Eq. (27) as
Mtot =
√
S+bs2Pℓ
8π
+Q2tot, (37)
and it gives conjugate thermodynamic quantities (T+,Φ+,V+) to the thermodynamic quan-
tities (S+bs,Qtot,Pℓ) as
T+ = ∂Mtot
∂S+bs
∣∣∣∣
Qtot,Pℓ
=
S+bsPℓ√
8π(S+bs2Pℓ + 8πQ2tot)
=
√
M2tot −Q2tot
2πℓMtot ,
Φ+ =
∂Mtot
∂Qtot
∣∣∣∣
S+
bs
,Pℓ
=
√
8πQtot√
S+bs2Pℓ + 8πQ2tot
=
Qtot
Mtot , (38)
V+ = ∂Mtot
∂Pℓ
∣∣∣∣
S+
bs
,Qtot
=
S+bs2√
32π(S+bs2Pℓ + 8πQ2tot)
=
πℓ2(M2tot −Q2tot)
4Mtot .
Then, we take the Christodoulou-Ruffini formula to be a homogeneous function of λ2Mtot =
Mtot(λ3S+bs, λ2Qtot, λ−2Pℓ), which results in the Smarr relation of the black string as
2Mtot = 3T+S+bs + 2Φ+Qtot − 2PℓV+. (39)
The pressure-volume term appears in the Smarr relation even though the black string is
asymptotically flat. From the Smarr relation (39) with the definitions of the conjugate vari-
ables (38), it is straightforward to obtain the thermodynamic first law (36). Note that the
Smarr relation corresponding to Eq. (31) can also be read off as 2Mtot = 3T˜+S+bs+2Φ˜+Qtot−
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2V˜+P from the Christodoulou-Ruffini formula of Mtot =
√
4πQ4tot/(4πQ2tot − PS+bs2); how-
ever, the conjugate quantities are different from the standard ones.
On the other hand, for the inner horizon, the temperature from the surface gravity and
the entropy from the Wald entropy [31] vanish as
T− = rˆ+
2πℓrˆ
√
1− rˆ−
rˆ
∣∣∣∣∣
rˆ=rˆ−
= 0, S−bs = 2
∫
rˆ−ℓ
√
1− Q
2
Mrˆ−dxˆ = 0, (40)
so that there is no thermal radiation and it seems to be meaningless to discuss the thermo-
dynamic first law and the Smarr relation at the inner horizon.
V. DUAL DESCRIPTION OF THE THERMODYNAMIC QUANTITIES
We find the dual relations of the thermodynamic quantities between the BTZ black hole
and the black string. The dual invariance of the thermodynamic first law in terms of the
quasi-local thermodynamic quantities per unit length was studied in Ref. [30]. However, in
order to investigate the duality of the thermodynamic laws, it is convenient to employ the
total mass and charge for the elementary black string, since the dual solution to the BTZ
black hole is not the black string per unit length but the elementary black string. Thus, we
consider the dual relations of thermodynamic variables of the BTZ black hole and the black
string as (M,S+, J)↔ (Mtot,S+bs,Qtot) and (T+,Ω+, V+)↔ (T+,Φ+,V+) on the assumption
of the relation of the pressures P and Pℓ.
The ADM mass M per unit length and the axion charge Q per unit length of the black
string are related to the ADM mass M and the angular momentum J of the BTZ black hole
as M = (1/2) (Mℓ +√M2ℓ2 − J2) and J2 = 4Q2 [14]. If we assume the relation between
the pressure of the BTZ black hole and that of the black string as P = Pℓ/2, then we can
find the dual relations of the thermodynamic variables between the BTZ black hole and the
black string as
M =
M4tot −Q4tot
4M2tot
, J =
Qtot (M2tot −Q2tot)√
2πPℓMtot
, S+ = S+bs (41)
with the dual relations of the conjugate variables as
T+ =
M2tot −Q2tot
2Mtot T+, Ω+ =
1
ℓ
Φ+, V+ =MtotV+. (42)
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Note that the timelike Killing vector was rescaled as ∂/∂t = ℓ−1(r2+− r2−)1/2∂/∂tˆ due to the
rescaling of the time coordinate in order to make the dual metric to the BTZ black hole as
the diagonalized form of the metric (10) [14]. Thus, the Hawking temperatures are not the
same but rather some multiple as T+ = ℓ
−1(r2+ − r2−)1/2T+. Using the dual transformation
(41) and (42), one can show that the thermodynamic relations of the BTZ black hole such
as the thermodynamic first law (18), the Christodoulou-Ruffini formula (23), and the Smarr
relation (25) are transformed to those of the black string, Eqs. (36), (37), and (39).
VI. CONCLUSION AND DISCUSSION
In the BTZ black hole, we revisited the role of the cosmological constant in the ther-
modynamic first law. As expected, we confirmed that the negative temperature and the
positive entropy appear on the inner horizon of the BTZ black hole. Our main result is
that, in the asymptotically flat black string, the cosmological constant also gives rise to the
pressure-volume term in the thermodynamic first law and the Smarr relation. Consequently,
it turned out that the form of the pressure (34) written only in terms of the cosmological
constant is preferable to the complicated form of the pressure (30), since the former pressure
gives the standard form of the conjugate variables in the thermodynamic first law and the
Smarr relation in contrast to the case of the latter pressure. Finally, we showed that the
thermodynamic quantities are well-behaved under the dual transformation between the BTZ
black hole and the black string.
Let us discuss the energy-momentum tensor of the black string. We identified the pressure
(16) of the BTZ black hole by using the energy-momentum tensor (4) which consists of the
dilaton field φ, the three-form field strength Hµνρ, and the cosmological constant Λ as source
terms. However, the energy-momentum tensor (4) for the black string gave the unusual
pressure (30) which was incompatible with the standard definitions of the temperature and
the potential, whereas the pressure (34) identified from the energy-momentum tensor (33)
was compatible with the standard ones. Therefore, this fact implies that the dilaton field
and the three-form field strength should be included in the gravitational part (32) and the
cosmological constant plays a role of the gravitational source (33).
The final comment is in order. There is another way to get the Smarr relation with-
out the pressure by considering the scale invariance of the reduced action for hairy black
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holes [32]. Actually, authors in Ref. [33] derived a Smarr relation for the BTZ black hole
without the consideration of the cosmological constant as a thermodynamical variable as
M = (1/2)T+S+ + Ω+J , which is different from the Smarr relation (25) with the pressure.
However, one can obtain the Smarr relation without the pressure from the Smarr relation
(25) by rewriting the pressure-volume term into the ADM mass and the temperature-entropy
terms, i.e., 2PV+ = M + (1/2)T+S+. In this regard, one can also convert the Smarr rela-
tion (39) in the black string intoMtot = T+S+bs +Φ+Qtot without the pressure by using the
relation of PℓV+ = (1/2)T+S+bs. Consequently, the Smarr relations from the Christodoulou-
Ruffini formula are compatible with the Smarr relations from the reduced action formalism.
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